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RESOLUTION OF THE PERSECUTOR — PREY SYSTEM ON THE UNIT HYPERCUBE
FOR THE EXPONENTIAL ANNIHILATION PROBABILITY

There has been solved the persecutor — prey system, stated as the antagonistic game, being defined on the unit

hypercube of the space R* with the determined half-open interval positive parameter. For solving the game with the
greater values of this parameter there should be applied the constructed program module, returning the approximate
solution, though its accuracy may be anyhow increased on protracting the resolution process.

Peweno cucmemy npecnedosamenp — 006viua, choOpMyIUPOBAHHYIO 8 BUOe AHMALOHUCMUYECKOU Uepbl,

Komopas 3adaémcs na edunuuHoM 2unepkybe npocmpancmea R* ¢ onpedenénnviv na noiyomxpeimom unmepsase
NONOAHCUMENbHOIM napamempom. [ peutenus uepvl ¢ OONbUIUMU 3HAYEHUAMU IMO20 napamempa 00ndceH Obimb
NPUMEHEH NOCMPOEHHBI NPOSPAMMHBIIL MOOYIb, YMO 6036paujaenm NPUOTUNCEHHOE peulenue, XOmsa e20 MOYHOCHb
Modicem Oblmb KAK Y20OHO Y8enuyena npu npooaeHuu npoyecca peueHus.

Problem exposure and paper destination. The antagonistic gaming is a fascinating apparatus for
constructing the mathematical models within the conflict processes. One of the most attractive conflict processes is the
persecutor — prey system evolution, considered on different aspects in the origins [l — 3]. May there be the
persecutor, shooting the acquired target, maneuvering within some rectangular area. For the target total annihilation the

persecutor shoots this rectangular area, though making it without the exact coordinates of the targeted prey. The task of
the persecutor is to annihilate the prey, and the task of the prey is to avoid the annihilation. If the rectangular area is

conditionally squeezed to the unit square [0;1]x[0;1] then the described conflict process may be claimed the

antagonistic game, where the persecutor has the unit square

Uy = X, x X, =[0;1]x[0; 1] (D)
of its pure strategies, and the prey has the unit square

UY:leYzz[O;l]x[O;l] 2)
of its pure strategies. Consequently, a persecutor pure strategy is the plane square point

X =[x xz]eUXCRQ, 3)
and a prey pure strategy is the plane square point

Y:[y1 yz]eUYch. “)

It is known, that the probability of the prey annihilation is exponential [1, p. 63], and as the persecutor selects the points
(3) from the area (1) independently from the prey, selecting the points (4) from the area (2), then this probability is

P(X. Y) = (5, i, 52, 7) = (exp =0 (x, =31 ])(exp e (xa =) ) =

—exp|—a(x —») ~a (x5, | 5)

by the parameter o > 0. The lesser this parameter the persecutor equipment is more perfect. And this paper destination
is to solve the claimed antagonistic game with the kernel (5), defined on the unit hypercube

4
HP:UXXUY:X,xszleYZ:H[O;l] (6)
k=1

by the first player, having the pure strategies set (1), and the second player, having the pure strategies set (2). The
solution will allow to optimize the behavior as in the military anti-aircraft defense, as well as in the civil competitive
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conformations, moving and acting on the plane surface.

Unit hypercube system solution. Primarily the stated game should be verified for its concavity and convexity,
what may assist in solving the game analytically [2, 4, 5]. The first partial derivative of the hypersurface (5) by the
variable x, is

aP xay’x ’y 6
(1 a;l > 2)=a_)q(exp|:_a(xl_yl)2_a(xz_J’2)2:|)=

:—20c(x1—yl)exp[—a(xl—yl)z—oc(XQ—J’2)2:| )

and its second partial derivative by the variable x, is

O*P(x,, v, X,, 0
( 15 Vs Xy J’2):_(_ZOL(XI_yl)exp[—a(xl—)’1)2_(1()62—)/2)2}):

Ox,0x, ox,
:—20Lexp[—ot(x1 _J’1)2 —a(x2 —yz)zJ+4oc2 ()c1 _)’1)2 exp[—ot(x1 —yl)z —(x(xz —yz)zJ =
= 2a(2(x(x, -n) —l)exp[—oc(x1 ) —a(x, - )ZJ . (8)

The first partial derivative of the hypersurface (5) by the variable x, is

OP(x,, y,, X,y ¥ 0
> 63162 2 2):a(exp[_a(xl_yl)z_a(xz_yZ)z]):

:—Z(X(xz—yz)exp[_a(xl_J’1)2_a(x2_y2)2:| ©)

and its second partial derivative by the variable x, is

0*P(x, Vs Xyy Y 0
Lot t) 2 {cnao e -a ) -l ) ) -

=—2ocexp[—ot(x1 —yl)z —a(x, —y2)2J+40t2 (x, —J’z)z eXP[—OL(xl _yl)z —a(x, —J’2)2J =

= 2a(2(x(x2 -») —l)exp[—on(x1 ) —a(x -, )2] (10)

The first partial derivative of the hypersurface (5) by the variable y, is

aP(xlv ylaxZa y2) a ( 2 2 )
=—|SXp| —O\ X; — Y —o\x, =) =
M oz |: ( 1 1) ( ’ 2) :I

:20c(xl—yl)exp[—a(xl—yl)z—(x(xz—yz)q (11)

and its second partial derivative by the variable y, is

azp(xl,yl,xz,yz) 0 2 2
-9 (20(x - —a(x -V —a(x, - ):
o, ayl( a('xl Jﬁ)eXp[ a('xl J’1) Ot(xz yz) :I

:—20Lexp[—0c(x1 -9 )2 —a(x, —y2)2]+40t2 (x, -, )2 eXP[—OC(xl -0 )2 —a(x, —)’2)2]:

O*P(X,, ¥» Xy, ¥
=2a(2a(xl—yl)z—l)exp[—a(xl—yl)z—a(xz—yz)sz ( laxy(;x 2 2). (12)
1~

The first partial derivative of the hypersurface (5) by the variable y, is

OP(x,, ¥, Xy, ;) O 2 2 )
=—exp| —o(x,—y ) —alx,—y =
32 ayz( |: ( 1 1) ( 2 2) :|
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=20(x, —yz)exp[—a(xl _yl)z —a(x _yZ)ZJ

and its second partial derivative by the variable y, is

azp(xla yla-xz: )’2) a ( 2 2
=—/(20(x, =y, )Jexp| —o(x, =y, ) —a(x, =y ):
vy, 2yl =) - Y]

=—20u.3xp[—0L(x1 —yl)2 —o(x, —y2)2}+4a2 (x, _y2)2 eXP[—a(xl _y1)2 —a(x, ‘yz)zJ =

82P Xis Vis X5 YV
zza(Za(xz—J’z)z_l)eXp[_O‘(xl_yl)z_a(xZ_yZ)Q]: ( lax 61’x 2 2).
2772

The hypersurface strict concavity conditions

azp(xla yla xz’ yz)
0Ox,0x,

<0

and

aZP(xp Yis Xy yz)
0Ox,0x,

<0

must be simultaneously held true for any points (3) and (4). As there is the double inequality
0< exp[—oa(xl ) —a(x —yz)z} <lI,

then the inequality

20c(20n(x1 -n) —1)exp[—oc(x1 -n) —a(x, -, )ZJ <0
is identical to the inequality

20L(x1 _J’1)2 -1<0.

Analogously with the double inequality (17) the inequality

20((2(1(x2 - )2 —l)exp[—oc()c1 - )2 —ot(x2 - )ZJ <0
turns into the inequality

20(x, - y,)" ~1<0,

(13)

(14)

(15)

(16)

(17

(18)

(19)

(20)

20

whence, minding the obvious factors (x,— ;)" €[0;1] and (x, -y,)" €[0;1], the coming out from the inequalities

1 . . . L .
(19) and (21) parameter o € [0; Ej determines the strict concavity of the antagonistic game with the kernel (5), defined

. . 1 .
on the unit hypercube (6). It is clear that by the parameter o = B the stated game becomes nonstrictly concave.

Going further, as the hypersurface strict convexity conditions

aZP(xla y17 xz’ y2)
Moy,

>0

and

(22)

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty

of Khmelnytskyy National University / 2009, N. 1 (2)



Applied Math

azp(xl’ Yis Xy, yz)

0y,0y,

must be simultaneously held true for any points (3) and (4), then, having used the double inequality (17) up with the
needful inequality

>0 (23)

20(2a(x,— ) ~1)exp| —a(x — 1) —a(x, =3 ) |>0, (24)
the caught out strict convexity conditions
20(x, - y,) =1>0 (25)
and
2a(x, —y,) =1>0 (26)

are impracticable for any o > 0 as they fail yet for x, =y, or x, =y, .

Consequently, the game with the parameter o >% will be solved numerically, and now, having put the

parameter o 6(0; 5} for the game nonstrict concavity, the solution lies in the following statements. Firstly there

should be determined the minimum of the hypersurface (5) on the unit square (2) by the variable Y . The minimum of
the hypersurface (5) as the surface function of the variables y, and y, on the unit square (2) is

min P(X, Y)= min_min P(x, », X,, ¥,) =

YeUy nel0:1] ypef0: 1]

= ygl[y}l]ygl[io{ll]exr)[—a(xl -n) —a(xn -y, )ZJ = min P(x, », %, 1)=

= min exp[—oc(x1 - )2 —a(x, —I)ZJ Vx, e [0; %} (27)

» E[O; 1]

and
min POXY) = min, min, P(s. 0 32.2) =
= Mnel[gll] yflg[ior;ll] exp[—oc(x1 -n) —a(x, -, )ZJ = ylnel[gll]P(x" Vis Xy, 0)=
- min exp[~a(x, ) ~a(x) ] Ve B 1} : (28)
whereupon

min P(X, Y)= min min P(x, y,, x,, »,)= min P(x, », X,,1)=

YeUy »€[0: 1] v, €[051] ne0:1]

= }g%{lﬂ&:xp[—(x(x, ) —a(x —1)1 =P(x, 1, x,,1)=

2 2 1 1

= exp[—a(xl -1) —a(x,-1) J Vx e {O; E} and V x, € {O; 5} , (29)
min P(X, Y)= min min P(x;, . %, ;)= min P(x, 31, %, 1)=

= ylrg[%r;ll]exp[—a(xl -») —a(x —1)2] =P(x,0,x,,1)=

:exp[—(x(x )2 —a(x —I)ZJ VX e l'1 and V x, €| 0; 1 (30)
1 2 1 29 2 s 2 B

min P(X, Y)= min min P(x, 5, %, v,)= min P(x, y, %, 0)=
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= min exp[—oc(xl -n) —oc(xz)zJ =P(x, 1, x,,0)=

»el0:1]
:exp[—(x(xl _1)2 _q(x2)2:| Y ox, e[o; %} and V x, e[%; 1} ,

\I(ELI}P(X, Y) = ylrg[%)l;ll]yzr?[i()l;l1]P(xl’ Yis X35 yz): ylng[{)l;ll]P(xp Yis X35 0) =

= min exp[—oc(xl -n) —a(x, )2} =P(x,,0,x,,0)=

» E[O; 1]

:exp[—a(xl)z _a(xz)zJ VX e{%; 1} and V x, e{%; 1]

Then the optimal game value

0  =maxmin P(X, Y)= max max min min P(x X =
opt XeUy YeUy ( ’ ) x,€[0; 1] x,€[0; 1] 3, €[0; 1]y, €[0; 1] ( BRI )

=maxq max max_ P(x,1, x,,1), max max_ P(x, 0, x,,1),

X € 0;l X,€0; — x,el;l x€0; —
2 2 2 2

max - max P(x,,1, x,,0), max max P(x,,0,x,,0)p=

x€l0; = | x,el = 1 xel=1|x¢e =1
1 2293 193 293

=max{ max_P xl,l,l,l , max_P xl,O,l,l R
1 2 2

x,{%;l}
1 1
max P(xl,l,—, Oj, max P(xl,O,—,Oj =
X {0; l} 2 X e[l; 1} 2
2 2
S S TR I B S I S LI = AL L ]
2 2 2 2 2 2 2
P 5 ) p 2 ) p 5 ) p > p

is reached [2, p. 86] on the single optimal pure strategy of the persecutor

=[5 ][4 4]

And this optimal pure strategy is the generally single optimal strategy of the persecutor.

x €l 0; —
2

N | —
D[R

The equilibrant pure strategies of the prey are the roots [6, p. 121 — 125, p. 139] of the standard equation

a o 0 1 1
eopt :eXp(_EJ:P(xopt’ Y):P(x1< P‘>’ Y .Xg pl>’ yQ)ZP(_’ Yis = yzj:

2 2
Y (1 Y
=exp| —a 5_)’1 -a 5—)’2 .
Exponentiating both parts of the equation (35) and transferring from the equality

2 2
L [N [ L
> 5 Wi , N

to the equality

yl(yl _1)+y2 (J’2 _1)20 >

(€1))

(32

(33)

(34

(33)

(36)

€0
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it is seen from the equation (37), that the roots of the equation (35) are

Y= W ]=[o o], (38)
o= =l o= ], (39)
o=l P ]=[0 1=[ P, (40)
Vo=l o =0 =l P (1)

Then the optimal strategy of the prey is represented as the probabilities vector

Qopt = I:qopt l qopt (YZ ) qopt 3 qopt :' -
[ () e (07 08) s (0 5) a1 (7, 54| =
:[qopt (0,0) Gop (1. 0) Gy (0. 1) G (1 1)] cR* (42)
by the sum
Zqom = G (0, 0)+ o (1, 0) 44, (0, 1)+, (L 1) =1, (43)
where the left inequality
3 o
Zqom (Y,)P(X.Y,)<8,, = exp(—zj (44)
J=1

should be satisfied for any points (3) and (4) in the equilibrium point double inequality

11
Zqopt X Y ) eopt exp[__) jj“ opt’ dyldyz (45)
00

for any probability distribution density function u(Y) with the normality condition

P S

1 11
JM(Y)dyldyz =_“H(Jﬁ: yz)dyldyz =1. (46)
0 00

Accomplish the needful transformations over the inequality (44) for determining the vector (42), having
minded the condition (43):

iqopt () P(X, ;) = 0 (0. 0)exp| —a(x )" ~at(,)” |+
e (1, 0)exp| —t (3, =1)" =0t (x, )" |+ (0, exp| e, =t (o, =1)° [+
+¢p (1, 1) exp [—oc(x1 —1)2 —a(x, —I)ZJ < exp[—%j 47)
and

(Gope (0. 0)+ e (1, 0)exp[ =t (1=2x,) |+ gy, (0. D)exp[—or(1-2x, ) ]+

+q (L, 1)exp[ —a(1-2x, )~ (1—2x2):|)exp(—a[(xl)2+(x2)2:|)<exp(—%j, (48)
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whence

Gope (0, 0)+ 4, (1, 0) exp[ (1-2x,) }+qop‘ exp[ (1-2x,) ]+

+q0pl(1 1 exp[ 1 2xl) (1—2x2)]<exp(a[(xl)2+(x2)z]_%j (49)
as there is the inequality
0 <exp(—20) < exp(—oc [(x1 )2 +(x, )ZJ) <1. (50)

Actually, it is sufficient to find all the probabilities g, (0, 0), g,, (1, 0) and g, (0, 1) which for any point (3) and

Yoe (O; %} make the function

f(qom (O O) qopt(l 0) qop( (0 1) X5 Xy CX,):
= Qo (0 0)+q°pt(1 0 exp[ 1 2xl :|+qopt 0 1 exp[—a 1- 2.7C2)]

+qo (1, 1) exp[ (1-2x)-o (1—2x2)]—exp(a[(xl)z+(x2)2J_%j (51)

nonpositive, as it follows from (49).
Since the hypersurface (51) is a function of the six variables, then there is a very complicated analytical
investigation of the nonpositive sign of this function, defined in the corresponding subspace of the six-dimensional

arithmetical space R®. Firstly suppose, that there the two nonzero probabilities Gopt (0,0) and Gopt (1, 1) in the vector

(42), which certainly ought to be identical, recalling the symmetry conception in the being investigated game. For
verifying whether the function

1 11
f(E,O,O;xl,xz, ) 2+2exp[ a(1-2x)-a(l-2x,)]-
_exp(a[(xl Y+ (n ﬂ%) (52)

is nonpositive for any point (3) and V a e [0; %} there has been constructed a general code script VOMS (figure 1)

within the Technical Computing environment MATLAB, where the corresponding nonpositiveness of the hypersurface
(51) may be numerically verified for any values of the vector (42).
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ATLABZpOp1'work',¥OMS.m =10/ x|

File Edit Text Cell Tools Debug Desktop ‘Window Help

D E| YRR & #F AR BRE BB | s e -]

1 function [] = VOMS (gl, g2, o3) -]
2 - N = 500 N_alpha=100;
= gf = 1 — (gl + g2 + g3);
4 - kalpha = 0;
5 - for alpha = 1/MN_alpha:l/N_alpha:l/2
6 — kalpha = kalpha + 1:
= kxl = 0;
g - for =1 = 0:1/N:1
Gl = kxl = kx1 + 1:
10 - kxz = 0;
il |= for x2 = 0:1/M:1
1z - kx2 = kxZ + 1:
15| = fikxl, kxZ, kalpha) = gl + g2¥*exp( — alpha* ({1l — 2*x2) | + gi*exp| - alpha*(1l - 2¥*x1) | + ...
14 gqd¥ {exp( — alpha*{l - 2*x2) ))*¥(exp| - alpha*{l - 2*x1) ) - ...
15 exp | alpha*{x1"2 + =2°2) - alphaiz):
16 - end
17 - end
15 - waximum value (kalpha) = maxiwax(£(:, :, kalpha))):
19 - [%x10 (kalpha) x20(kalpha)] = find{f(:, :, kalpha) == 0);
20 - end
21 - if (({swm(x10==N/2+1)==N_alpha/2) & (sum(x20==N/2+1)==N_alpha/s/2]) & (sum(maximum value==0)==N_alpha/Z)
22 - disp (' This function reaches its maximan in the point Fmax = [1/2 1/2] and this maximum eguals 0.') |
23 - disp (' Then the stated mixed strategy Qopt = [ogl of o3 og4] is OPTIMAL.')
24 - end
25 -  maximum value -
; ool
[woms [tn 28 ca 1 [ovr
Figure 1. General code script VOMS for verifying the mixed strategy (42) for its optimality
The numerical verification for the nonpositiveness of the hypersurface (52) confirms, that the probabilities
vector

1 1
== 0 0 =
Qo {2 2}

is the optimal mixed strategy of the prey (figure 2).

=10l x|

File Edit Debug Deskbop ‘Window Help

0 = | & B v o |ﬁ = | 7 | Current Directory: | EMATLAB7pOpT work LlJ
> VOMS(1/Z, 0, 0O)
This function reaches its maximum in the point Zwax = [1/2 1/2] and this maximwn equals 0.

Then the stated mixed strategy Qopt = [gl g2 g3 g4] is OPTIMAL.
max i value =
Columwns 1 through 15

u} u} u} u} u} u} u} u} u] u] u] u] u] u] u]
Columns 16 through 30

ul ul ul ul ul ul ul ul u] a a a a a a
Columns 31 through 45

a a a a a a a a u] a a a a a a
Columns 46 through S0

u} u} u} u} u}

e

4 start|

Figure 2. Result of the code VOMS execution for verifying the nonpositiveness of the hypersurface (52)

Using the symmetry conception, as the function

1 1 1 1
f(O, > E; X5 Xy aj =5exp[—a(1—2x, )]+Eexp[—oc(1—2x2)]—

(53)
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2 2 o
—exp(a[(xl) +(x2) ]_Ej (54)
is nonpositive (figure 3) for any point (3) and V o € (0; %} , then the vector

11
>3 o} (55)

Qopt = |:0

is another optimal mixed strategy of the prey.

«:MATLAB =10l x|
File Edit DCebug Desktop ‘Window  Help
O ﬁ’v| b B < o |ﬁ = | ¥ | Currert Directary; | EMATLABTROp! bwork | J
= VOMS (0, 1/2, 1/2) =]
This function reaches its maximum in the point ¥Xmax = [1/2 1/2] and this maximum equals 0.
Then the stated mixed strategy Qopt = [gl g2 o3 g4] is OPTIMAL.
maximum_value =
Columnns 1 through 15
a a u] a a u] a a a a u] a a u] a
Columhs 16 through 30
a a u] a a u] a a a a u] a a u] a
Columhs 31 through 45
u] a u] u] a u] u] a ul a u] u] a u] u]
Columhs 46 through 50
u] a u] u] a
i -
K >

 start Y

Figure 3. Result of the code VOMS execution for verifying the nonpositiveness of the hypersurface (54)
It is extraordinary that the vector

1 1 1 1
Qopt—[z 12 ﬂ (56)

appears also to be the optimal mixed strategy of the prey, as the corresponding hypersurface
111 11 1
f(—, —, =5 Xy Xy oc) = Z+Zexp[—a(1—2xl )J +Zexp[—oc(1—2x2 )J +

re[-a(1-2x)-a(1-25)] —exp(q[(xl Ve (x, )2}_%) (57)

turns nonpositive (figure 4). The extraordinariness is in the break of the known theorem, saying that in the concave

antagonistic game, where the first player has the pure strategies subset of the space R”, not lying in the space R"™",
the second player has the optimal strategy, mixed with no greater than with m+1 pure strategies of the second player,
meN [2,p. 89].
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-loix]
Filz Edit Debug Desktop ‘Window Help

O = | & B o o |ﬁ ﬁ| 7 | Current Directory: | E:MATLABTpOp! wrork =] J

> VOMZ(1/4, 1/4, 1/4) |

maximum value =
Columns 1 through 15

Coluwmns 16 through 30
Coluwmns 31 through 45
Coluwmnns 46 through 50

u} u} u} u] u]

e
Jl

u} u} u} u] u] u] o

u} u} u} u] u] u] o

u} u} u} u] u] u] o

This function reaches its mwaximun in the point Zmax =
Then the stated mixed strategy Qopt = [gl g2 o3 o4b)]

is OPTIMAL.
u} u}
u} u}
u} u}

[1/2 1/2] and this maximun equals 0.

u] u] o
u] u] o
u] u] o

4 start |

Figure 4. Result of the code VOMS execution, proving the nonpositiveness of the hypersurface (57)

The further symmetry conception application is in verifying the probabilities vectors

|-

N | —

1
2

(=]

(=]

0

(58)

(59)

(60)

(61)

for their optimality. However, here the four corresponding functions (51) appear not to be necessarily nonpositive
(figure 5), and so the probabilities vectors (58) — (61) are not the optimal mixed strategies of the prey.
Recalling back that theorem [2, p. 89] about the number of the pure strategies within the optimal mixture, here

m =2 and the probabilities vectors

W= W=

W | —

o),

W | —
[

(62)

(63)
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-J:MATLAB

File Edt Debug Deskiop Window Help

~=lolx|

0 D’“‘ & B o o |H ﬂ‘ 2 ‘ Current Directory; | £ MATLABTpOpT work

>> VONS(1/2, 1/2, O)
maximm value =
Coluwms 1 through 15
0.0025  0.0050
Coluwns 16 through 30
0.0393 0.0417

o

.00vs

o

.01i00

a

L0124

a

.0149

o

L0174

o

.0198

a

.ozzs

a

.0z47 0.0z271

o

.0441

o

.0465

o

.0489

o

.0513

o

0837

o

.0561

o

.0585

o

0609 0.0633
Columns 31 through 45
0.0751 0.0775
Columns 46 through SO
0.1107 0.1131
»» VOMS(0, O, 1/2)
maximm value =
Coluwms 1 through 15
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Colunms 16 through 30
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Columms 46 through 50
0.1753 0.1809
> VOMS(1/2, 0, 1/2)
maximum value =

o
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L0633
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L1982

Columms 1 through 15
0.0025 0.0050
Columns 16 through 30
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Columms 31 through 45
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Colums 46 through 50
0.1107 0.1131
>> VOMS (0, 1/2, O)
maximum value =
Colwmms 1 through 15
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Columms 16 through 30
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Figure 5. The code VOMS execution as the proof of the nonoptimality of (58) — (61)
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must be verified for their optimality. But analogously there is the visualized
probabilities vectors (62) — (65) is not the optimal mixed strategy of the prey.
xmamaa

File Edit Debug Deskiop Window Help

proof (figure

6), that

(64)

(65)

any of the

1ol

0 |2':| % B o o | | ﬁ‘ 7 ‘ Current Directory: | EMATLABTpOpt wark jJ

s> VOMS(1/3, 1/3, 1/3)
meximum value =
Columns 1 through 15
0.0006 0.0011 0.0017
Columns 16 through 30
0.0088 0.0054 0.0100
Columns 31 through 45
0.0171 0.0176 0.0182
Columns 46 through 50
0.0252 0.0258 0.0263
>> VOM3 (143, 1/3, 0}
tzoc dmur_value =
Columns 1 through 15
0.0006 0.0011 0.0017
Columns 16 through 30
0.0094 0.0100 0.0106
Columns 31 through 45
0.01591 0.0158 0.0205
Columns 46 through 50
0.0302 0.0310 0.0318
»> VOM3(1/3, 0, 1/3)
tzoc dmur_value =
Colurmns 1 through 15
0.0006 0.0011 0.0017
Columns 16 through 30
0.0094 0.0100 0.0106
Columns 31 through 45
0.0191 0.0158 0.0205
Columns 46 through 50
0.0302 0.0310 0.0318
s> VOMS (0, 1/3, 1/3)
e dmur_value =
Columns 1 through 15
0.0006 0.0011 0.0017
Columns 16 through 30
0.008% 0.0106 0.0113
Columns 31 through 45
0.0214 0.0223 0.0232
Columns 46 through 50
0.0360 0.0371 0.0382
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Figure 6. The code VOMS execution as the proof of the nonoptimality of (62) — (65)

Consequently, V a e (O; %} there is the analytical solution sufficiency of the stated concave game on the unit

hypercube (6) with the kernel (5), where the persecutor has the generally single optimal strategy (34), and the prey
should apply one of its optimal mixed strategies, expressed with the optimal probabilities vectors (53), (55), (56). This
gives the optimal probability (33) of the prey annihilation.

. 1 . .
Further will take the parameter OL>E as the quality of the old or low-technology equipment for the

persecutor. Though the exact analytic methods of solving such system persecutor — prey configuration are unavailable,
there may be used the MATLAB software for numerical computations. On the figure 7 there is visualized the MATLAB
program module hcppsr (Hypercube Persecutor — Prey System Resolution) code for solving the antagonistic game
with the kernel (5), defined on the unit hypercube (6) for any o > 0.

,MATLAB7p0p1'work'ag theory doctoraldiss and support’.agt functions'hcppsr.m - | Ellll
File Edit Text Cel Tools Debug Deskbop MWindow Help u

DEE|f BB | S(AF 80 BRE BB sx|e 7]

1 function [F1PS P1PS_probabilities PE2P3 P2P3 probkasbilities theta opt] = hoppsr{alpha, N) =
z % R4 HyperCube Fersecutor - Frey System Resolution
= if alpha <= 0
a@l= error (' The input parameter alpha mwust he greater than 0.')
5 - end
[ if alpha <= 1/2
7= dispi(' The persecutor single optimal strategy is ¥ opt = [1/2  1/2]')
g8 - disp("' The prey optimal strategy is one of the following:')
9 - dispi' T_opt = [ opt([0 01} o opti[l O0]] g opti([0 1]) o opt([1 111 = [1/2 0O 0O 1/2]")
10 - disp(' T_opt = [ opt([0 0]) o opti[l O]] o opt([0 1]) o opu([1l 1]1)] = [0 1/ 172 0O1')
11 - dispi(' ¥ _opt = [g opti[0 0]) g opti([1 0]) g opt([D 1]} g opti[l 11)] = [1/4 1/4 1/4 1/4]")
iE [= theta_opt = nuw2strexp( - alphalZ )):
13 - dispi[' theta opt = ' numZstritheta opt)])
14 - P1PS = [1/2 1/21:
15 - P1P3 probabhilities = 1:
i6 - P2ZP3 = [0D0O; 1 0; 0 1; 1 1]:
i7 - P2P3_probahilities = [1/2 00 1/2; 0 172 1/2 0 174 1/4 1/4 1/4]:
18 - else
il = P=zeros(N + 1, N+ 1, W+ 1, N + 1); % Preallocation of the matrix with the exponential annihilation probsbility W
20 - P matrix = zeros((N + 1)*(N + 1), (N + 1)*(N + 1)); % Preallocation of the reshaped exponential annihilation probabi
21 - % real index = gzeros((N + 1)*(N + 1), 2); % Preallocation of the indexes of the persecutor pure strategies
22 - ¥ real index = zeros((N + 1)*(N + 1), 2); % Preallocation of the indexes of the prey pure strategies
B8 |= kx1 = 0O:
24 — for x1 = 0:1/N:1
a5 = kxl = kxl + 1;
26 — kxiZ = 0;
27 - for x2 = 0:1/M:1
258 - kxZ = kxi + 1:
29 - kyl = 0;
30 — for ¥1 = 0:1/M:1
il - k¥l = kvl + 1:
3z - kyz = 0:
33 - for y2 = 0:1/N:1
14 - ky2 = ky2 + 1;
35(= Pikxl, kx2, ky¥l, kv¥2Z) = exp( - alpha*(xl - ¥1)"2 - alpha*(xZ - §2)~Z |
36 % Re-indexing and forming the matrix game...
37 - P matrix({kxl - 1)%(N + 1) + kx2, (kyl - 1J%(N + 1} + ky2] = P(kxl, kx2, kyl, ky2):
38 - X real indexi(i{kxl - 1)%(N + 1) + kxZ, :) = [kxl, kxZ]:
39 - T real_index({(kyvl - 11*(N + 1) + kv2, :] = [kvl, ky2]:
40 - end
il = end
42 — end
43 - end
44 — [¥ opt, ¥ _opt, Vlow, Vup, OM3, theta opt] = SP(P_matrixj;
45 - PiPSnunbers = X real index (find({abs(X opt) > le-z20)', :):
45 - PEZPSnunbers = ¥ _real index (findiabs(Y¥ opt) > le-20)', :};
47 = P1P3 probabilities = X opt(findiabs (X opt) > 1le-20)):
45 - format short
2= = <| if sum(P1P3 vrobabilities > 1-l1e-10%1 > 0 | _DILI
[ heppsr [n 85 co 22 [owr

Figure 7. MATLAB program module hcppsr code for solving the antagonistic game with the kernel (5),
defined on the unit hypercube (6) for any o > 0

The embodied module handles the two inputs: the parameter o and the number of the points of each segment
[0; 1] for the numerical presentation of the kernel (5). The greater this number the longer the computation of the

equilibrium situation in the system, though the accuracy increases. Some of the system resolutions by the fixed o are
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exampled on the figures 8 — 11, where it is clear, that the number of pure strategies of the persecutor and prey, selected
with nonzero optimal probabilities, is increasing on average with the greater o .

=TE

File Edit Debug Desktop ‘Window Help
O = | & B o o | G | 7 | Current Dirsctary: | E:MATLABTpOp work =] J

*» [P1P3 P1P3 probabilivies PZP3 PEP3_probabilicies theta opt]=heppsr (0.1, 28):
The persecutor single optimal strategy is I opt = [1/2 1/2]

|»

The prey optimal strategy is one of the following:

T opt = [q opt([0 01) g optil[l 01} q opt([0 11) g opti[l 11)] = [1/2 O O 1/2]
T_opt = [g opti[0 01) g opti[l 01) g opti[0 11} g opti[l 1])] = [0 1/2 1/2 O]
T opt = [qg opt{[0 0]) g opti[l1 O]} g opt([0 1]) g opti[l 1])] = [1/4 1/4 1/4 1/4]

thets opt = 0.951Z3
*> [P1P3 P1PS_probabilities PZP3 PZPS_probabilities theta opt]=hcppsr (0.4, 28):

The persecutor single optimal strategy is X opt = [1/2  1/2]

The prey optimal strategy is one of the following:

T _opt = [g opt([0 0]) g opti[l O]} g opt([0 1]) g opti[l 1]1] = [1/2 O 0O 1/2]
T opt = [g opt{[0 0]) o opti[l O1) g opt([0 1]) g opti[l 11)] = [0 1/2 1/2 0]

T_opt = [g opti[0 01) o opei([l 01} g opti[0 11) q ope(ll 1191 = [1/4 1/4 1/4 1/4]
theta opt = 0.81873
=» [P1F3 P1P3 probabilities PZFP3 PEZP3 probabilities theta opt]=hcppsr (0.6, 28):

P1P3 =
0., 5000 0., 5000
The =single optimal pure strategy of the persecutor X opt = [1/2 1/2] must be selected in evervy plav.

The prey pure strategies to be selected:

PEP3 =
u] 1
1 u]
1 1

The optitwal probabilities of the prey pure strategies selection:
PiP3_probabilities =
0.4875 0.4875 0.0z250
theta opt = 0.74082
*» [P1P3 P1P3 probabilivies PZP3 PEP3 _probabilicies theta opt]=heppsr(l, 28):
P1P3 =
0.5000 0.5000

The single optimal pure strategy of the persecutor ¥ opt = [1/2 1/2] must be selected in every play.

The prey pure sStrategies to be selected:

PEFP3 =
u] 1
1 u]
1 1

The optiwal probabilities of the prey pure strategies selection:
PZP3_probabilities =
0.4911 0.4911 0.,0179 —

theta opt = 0.60653 LI

«{lstart|

&

Figure 8. Solutions for a € {0.1, 0.4, 0.6, l} and 28 breaking points of each segment [0; 1]

The figures 9 — 11 have been print-screened by the 20 breaking points of each segment [0; 1] , though this

factor decreased the accuracy. Nevertheless, with the powerful computing systems there is the real might to increase the
accuracy as needed, taking the greater number of the unit segment breaking points. Thus the non-equiprobable pure
strategies of the prey on the figure 9 may be explained with the finite precision of calculations, being fulfilled within the
program submodule SP, accepting the kernel in the matrix form and returning the game solution [7 — 9].

However, after the figure 11, it should be marked, that the persecutor — prey systems with the optimal

probability 0, <% of the prey strike are out of practical interest. Then the figure 8 displays nearly the boundary worst
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system configuration resolution, where the persecutor still has the single optimal pure strategy (34). Speaking generally,
Vae (0; 2] the persecutor single optimal pure strategy (34) holds still. For the more accurate calculation of the prey
optimal behavior there certainly should be increased the number of the unit segment breaking points.

=10l
File Edit Debug Deskbop ‘Window Help
O E';| & ® o o |ﬁ ﬁ| 7 | Current Directary, | EMATLABTp0pT tweork =] J
»» [P1PS P1P3 probabilities PZP5 FP2F3_probabilities theta opt] =hcppsr(2, 20); =
P1P3 =
0.5000 0.5000
The single optimal pure strategy of the persecutor I opt = [1/2 1/2] mwust ke selected in every plav.
The prey pure strategies to he selected:
P2P5 =
u] u]
] 1
1 ]
1 1
The optimal probabilities of the prey pure sStrategies selection:
PEP3_probabilities =
0.2495 0.2504 0.2504 0.2498 ||
theta opt = 0.367E88 LI
ﬂgtart| 4
Figure 9. Solution for o =2 and 20 breaking points of each segment [O; l]
o [ 3
File Edit Debug Desktop  Window  Help
O ﬁ“v| b B o c |ﬁ ﬁ| 7 | Currert Directory: | E:MATLABTRORT ork =] J
>» [P1PS P1P3 probabilities PZP5 FP2F3_probabilities theta opt]=hcppsr (3, 2Z0); :I
The persecutor pure strategies to he selected:
P1F3 =
0.0500 0.0500
0.0500 0.8500
0.9500 0.0500
0.9500 0.9500
The optimal prokabilities of the persecutor pure strategies selection:
P1P3_probabilities =
0.2500 0.2500 0.2500 0.2500
The prey pure strategies to bhe selected:
P2PE =
u] u]
] 1
1 a
1 1
The optimal probabilities of the prey pure sStrategies selection:
PZP3_probabilities =
0.2500 0.2500 0.2500 0.2500
theta opt = 0.25043 LI
ﬂgtart| 4

Figure 10. Solution for oo = 3 and 20 breaking points of each segment [O; l]

Conclusion. The resolution way of the persecutor — prey system with the kernel (5) definitely depends on the
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. 1 L . .
positive parameter o . For a e (O; 5} the solution is the single optimal strategy of the persecutor (34) and one of the

optimal mixed strategies (53), (55), (56) of the prey; at that the game value is 0, = exp(—%) . For o> % there should

be applied the constructed MATLAB program module hcppsr, returning the approximate solution [10 — 21] as the
result of the corresponding numerical computation. This approximate solution accuracy may be increased as needed,
though on protracting the resolution process.

=10l x|
File Edit Debug Cesktop ‘Window Help

0 @l & B« o |ﬁ 5 | 7 | Current Directory: | E:MATLABTp0p1 twork | J

>» [P1P3 P1P5 probsbilities P2P3 P2P3_probsbilities theta opt]=hcppsr(4, 20): ;J

The persecutor pure strategies to bhe selected:

P1F3 =
0.o0500 0.1000
0.o0500 0.s000
0.o0500 0.9500
0.1000 0.0500
0.1000 0.1000
0.1000 0.s000
0.1000 0.9500
0.s000 0.o0500
0.s000 0.s000
0.9000 0.9500
0.9500 0.0500
0.3500 0.1000
0.5500 0.s000

The optimal probsbilities of the persecutor pure strategies selection:
P1P3 probabilities =
Column=s 1 through 10
0.0133 0.0768 0.0597 0.01z9 0.2254 0.0311 0.0768 0.1070 0.2254 0.0133
Columns 11 through 13
0.0304 0.1070 0.01z9

The prey pure strategies to he selected:

P2ps =
) )
o 0.5000
0 0.5500
) 1.0000
0.4500 1.0000
0.5000 )
0.5000  0.5000
0.5000 1.0000 i
0.5500 i)
1.0000 )
1.0000 0.4500
1.0000 0.5000
1.0000 1.0000

The optimal probsasbilities of the prey pure sStrategies selection:
PZP3_probabilities =
Columns 1 through 10

0.z051 o.04z7 0.oo0o00 0.z051 0.oo0o00 o.04z7 0.0059 o.04z7 0.oo0o00 0.z051
Columns 11 through 13

0.oo0o00 o.04z7 0.z051

theta opt = 0.25256 j

A start| 4

Figure 11. Solution for o. = 4 and 20 breaking points of each segment [O; 1]
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